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ABSTRACT: We consider surfaces protected by polymer chains of N monomers grafted at a density σ,
that are immersed in a melt of chemically similar chains of polymerization index P. We have used the
self-consistent field approximation to analyze the practically useful (but analytically untractable) case of
moderately long melt chains and moderately stretched grafted chains. We have confirmed previous
analyses of concentration profiles, but we have also arrived at new features by looking in a systematic
way at the interaction energy between two grafted surfaces: (i) we have found a general scaling criterion
that an entropic attraction between two such surfaces exists if σxN > (N/P)2, which differs from
predictions obtained for very stretched brushes; (ii) this work also demonstrates the existence of an
attraction for sparsely grafted layers (σxN < 1) provided that P is large enough. These subtle entropic
effects should be of direct consequence for “macroscopic” phenomena such as wetting of protected surfaces
and colloidal stabilization.

I. Introduction

Macroscopic phenomena of technological importance
in polymer systems can be induced by subtle microscopic
entropic effects due to topological constraints. An
interesting case is that of the interface between a brush
and a melt of chemically similar chains. Because of the
constraints on the brush chains, an effective positive
surface tension arises. This can directly induce partial
wetting of a melt on a chemically identical surface
(sometimes referred to as autophobicity)1-8 or indirectly
provoke the effective attraction of two brushes in a melt,
resulting, for example, in the flocculation of protected
colloidal particles9 or micelle aggregation and phase
separation in homopolymer-copolymer mixtures.10,11

Theoretically, one has to deal with a complex problem
specified by three parameters: N and P, the polymer-
ization indices of the brush and melt chains, respec-
tively, and σ, the grafting density of the brush. Most
existing analyses have focused on the analytically
solvable limits of densely grafted brushes, σxN . 1,
and either very short (P , N) or very long melt chains
(P . N).1,2,9,10,12 In these regimes, the study of subtle
second-order effects leads to scaling laws for the thick-
ness of the brush-melt interpenetration region, λ, and
for the effective surface tension γ in terms of N, P, and
σ. These analyses were rather successful in providing
qualitative prediction and interpretation of experimen-
tal observations.1-7

However, most experimentally interesting systems
are far from these limiting regimes: P and N are
typically of the same order, and the grafted layers are
seldom very stretched. For such systems it becomes
necessary to use numerical methods, the most accurate
being the self-consistent field (SCF) approximation. This
method has recently led to results for the interface
structure that agree qualitatively with the theoretical
predictions, although the parameters used were some-

what away from the strict domain of validity of the
analytical studies.9,13 More recently, a study has shown
that the agreement was not so good for the scaling
dependence of energies on the parameters.9

In this paper, using a continuous 1D SCF theory, we
perform a more systematic exploration of the parameter
space of a polymer protected surface in contact with a
melt, calculating both concentration profiles and ener-
gies, to answer questions such as: For what parameters
is there an effective attraction between two grafted
surfaces? Are there scaling laws that allow one to
rationalize this behavior in these intermediate regimes
and thus provide us with simple criteria? Actually, we
will show that the domain where attraction exists
between two grafted layers, and where partial wetting
is thus expected, can indeed be simply described by
σxN > (N/P)2. For dense brushes (σxN > 1) this
criterion is slightly different from the crossover between
the two predicted regimes for the interpenetration
thickness λ. For sparsely grafted layers (σxN < 1) it
corresponds to a qualitatively new attraction scenario,
unaccessible by asymptotic theories for stretched brushes.
This paper is organized as follows. In the remainder

of this Introduction we recall briefly some theoretical
and experimental results associated with the existence
of a positive surface tension between the melt and
grafted layers. In section II we present the SCF
formalism. Section III contains our results organized
in the following way: we first analyze concentration
profiles and obtain agreement with previous studies; we
then turn to the interaction of two grafted surfaces and
analyze the more “classic” case of somewhat stretched
layers (σxN > 1), before turning to the previously
undiscussed case of sparse layers (σxN < 1). A brief
discussion of the practical consequences of our work is
presented with the conclusions in section IV.
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The existence of a positive surface tension inducing
an autophobic wetting behavior in polymeric liquids was
theoretically predicted by Leibler et al.,1,2 using free
energy balance arguments, for the case of a melt of very
long chains P . N. This autophobic behavior of the
polymer chains was tested experimentally, and the
measured value for the contact angle of the equilibrium
droplets was found to be in good agreement with the
expected one.1,2 Several other experimental results that
exemplify the autophobic wetting behavior of the poly-
mer chains were obtained by different groups.3-7 The
related phenomena of dewetting of a polymer melt on
top of a cross-linked network was also observed re-
cently.14 Numerical simulation results of Binder et al.15
have shown the expulsion of a free chain from a dense
layer of grafted chains. A different theoretical approach
to this problem was proposed by Shull,8 who used the
SCF theory to show that for end-adsorbed polymers in
chemically identical polymer matrixes, when P > N, the
Helmholtz free energy is able to describe dewetting in
the frame of the Brochard-Wyart continuum picture.16

The study of the interface between a grafted layer and
a bulk melt of chemically identical chains is not a new
problem. It started well before the phenomena of
autophobicity was first discussed. It dates back to 1980,
to the pioneering work of de Gennes on brushes.17 The
problem is treated there in the case where the grafted
chains are in contact with a melt of shorter chemically
identical chains (P < N). A scaling analysis yields a
description of the brush height h, according to the
different regimes of behavior that can be found in the
space of the parameters N, P, and grafting density of
the brush, σ. Some years later, Witten et al.18 and
Zhulina et al.19 described the scaling dependency of the
interpenetration of the melt free polymer and the
grafted layer, λ. In a later work13 those scaling laws
for λ and h were compared with the numerical results
of the SCFT and the agreement found was good. A
diagram of state, with the regions with different scaling
behaviors of h and λ, was also shown both for P < N
and for P > N in this same work. More recently,
equivalent scaling laws for the width of the brush-melt
interface at large grafting densities and large values of
Pwere obtained by Gay.12 Some of the results of Leibler
et al.1 for P . N are recovered in this work. In his work
Gay also comments, for the first time, on the connection
between the expulsion of the free chains from the
grafted layer (described by the scaling laws mentioned
above) and the appearance of a positive surface tension
between the grafted polymer chains and the melt. In
the works of Shull20,21 an extended analysis of a brush
immersed in a melt is done for the case P > N and
experimental profiles are compared with numerical SCF
results. No attempt is made, however, to characterize
the locus of (N, P, σ) points that define the transition
between the dry and the wet brush regimes. Moreover,
the system they studied is not the same as ours since
they consider an end-adsorbed layer in thermodynamic
equilibrium with the bulk matrix. The grafting density
σ, is not an independent external parameter of their
system, as discussed in ref 8.
The positive surface tension that is at the basis of

autophobicity is also the mechanism responsible for the
existence, under certain conditions, of an effective
entropic attraction between brushy aggregates and
polymer protected particles in a melt of long chains, as
suggested in refs 1, 2, and 9-11. If the brush-melt

interfacial tension is positive, the system would rather
prefer to replace the two brush-melt interfaces by a
single brush-brush interface. In the past decade, SCF
theory results have been obtained, by several different
groups, for the attractive minimum that appears in the
interaction free energy of two brushes immersed in a
melt (or in a polymer solution).13,20,22 A global inter-
pretation of these results is, however, missing, and the
influence of several parameters (N, P, σ, and concentra-
tion of free polymer) is not always clear. At best, it is
recognized that the minimum appears only when the
free polymer chain length exceeds a certain critical
value that depends, in an unknown way, on the length
of the grafted polymer chain and on the grafting density
of the brush.
Recently, experimental results have been reported on

the existence of an optimum grafting density for dis-
persing particles in polymer melts.9 It is shown that
grafting polymers on the particles will enhance their
dispersion if the grafting density is low, but it will cause
their flocculation when σ becomes too high. The exist-
ence of an attractive part in the surface force between
the particles for high values of σ provides an explanation
of these experimental results. At low σ, van der Waals
attraction between the particles dominates and increas-
ing the number of grafted chains will improve the
dispersion due to the repulsion of the grafted layers.
However, for high enough values of the grafting density
the effective entropic attraction between the grafted
layers appears and the dispersion worsens. In ref 9 the
authors used the SCF approximation to compute the
interaction force between the polymer-protected par-
ticles in the melt and discuss the appearance of this
attractive part. For grafted and matrix polymers of
polymerization index N = P ) 100, the optimum
grafting density they obtained was σ ) 0.1, a value that
agrees well with their experimental results. They
estimated that in the case N = P the optimum grafting
density should behave like σ = 1/xN. Their analysis
was, however, restricted to that particular set of pa-
rameters.

II. Formalism

In this section the presentation of the formalism will
follow ref 23, where a more detailed description of the
SCF approximation can be found.
We consider a polymer melt of nR chains with polym-

erization index P in contact with a substrate covered
by a densely grafted layer of nâ chains with polymeri-
zation index N and grafting density σ. The polymers
are confined to a box of volume V with a surface of area
S, located at z ) 0, at which the polymers were grafted.
The grafting density is defined as σ ) nâ/S. The only
allowed trajectories of the polymer chains belong to the
region 0 < z < zmax, where zmax ) V/S. We assume that
the properties of the system are only a function of the
distance to the substrate. Translational invariance is
implicitly assumed in the planes parallel to the grafting
surface. At sufficiently large values of z, the influence
of the brush ceases to exist and the Pmelt chains attain
their bulk properties. The bulk is characterized by a
constant mean density of monomers φ0 ) 1.
Each polymer R ) 1, ..., nR, â ) 1, ..., nâ is modeled as

a flexible chain that is described by a curve zR(t) or zâ(t)
representing all possible configurations of the macro-
molecules. The variable t increases continuously along
the length of the chain. For the grafted chains, t ) 0
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at the grafting wall and t ) N at its free extremity. In
the case of the bulk chains the two extremities are
naturally equivalent. The probability density functional
for a given space curve is assumed to be of the Wiener
form

and P [zâ] is given by a similar expression with P
replaced by N. In this equation a is the Kuhn length of
the monomers, assumed to be the same for both grafted
and mobile chains. This functional describes the in-
tramolecular bonding of the chains.
Thermodynamic equilibrium of the P melt chains

close to the grafted layer is obtained when the chemical
potential is uniform along the z direction and equal to
its bulk value. There is no reason, however, to impose
this chemical potential on the grafted polymers of the
brush. For a given N, the state of the brush is
completely determined by the value of the grafting
density, σ. The brush is going to act like a surface
constraint for the bulk melt. This is the basic difference
between our work and that of ref 20.
The grand canonical partition function for the system

can thus be written as

where µ is the chemical potential per monomer and
ZnR,nâ is the canonical partition function for nR free
polymers and nâ grafted polymers in the box:

Here the integrals in DzR and Dzâ denote the functional
integrals over all possible configurations of the chains.
The δ functional selects out the configurations satisfying
the incompressibility constraint of the melt. An explicit
interaction potential between the grafted and free
chains is not considered since we have assumed that
all the polymers have the same chemical nature. The
monomer density operators φ̂R and φ̂â are defined as

To replace the operators φ̂ by the functions φ, one inserts
in eq 3 of the canonical partition function the functional
integrals 1 ) ∫DφR δ[φR - φ̂R] and 1 ) ∫Dφâ δ[φâ -
φ̂â].24,25 Using the integral representation of the δ
functionals, where N is a normalization constant

the grand canonical partition function can finally be

written in terms of the fields WR, Wâ, and ê as

The SCF approximation is a mean field theory where
the many interacting chains problem is reduced to that
of independent chains subject to an external (mean)
field, created by the other chains. The QR and Qâ are
the individual canonical partition functions of the
noninteracting R and â chains in the external fieldsWR
and Wâ.

The expression for Qâ is similar, with P replaced by N.
Since all R chains are equivalent between themselves
and the same happens with the â chains, the product
of the nR and nâ individual partition functions in eq 6
can simply be replaced by QR

nR and Qâ
nâ.

If we define the individual grand canonical partition
function of the mobile P chains in the external field W
as

we can rewrite eq 6 in the form

Equations 9 for the grand canonical partition function
are exact and, like the initial expression (2), cannot be
computed exactly. Although for a given set of fields,
Ωµ[WR] and Qâ could be calculated, the functional
integrals in φR, φâ, WR, Wâ, and ê cannot be done. In
the SCFT, a saddle point approximation is used and the
integral in eq 9b is approximated by the extremum
value of the integrand.
Doing the variation with respect to φR, φâ, ê, WR, and

Wâ, respectively, we obtain the set of self-consistent
equations for the density profiles and for the mean
fields:

where in eq 10d we have used the identity

P [zR] ∝ exp[- 3
2a2
∫0P dt|dzR(t)

dt |2] (1)

Zµ ) ∑
nR)0

∞

enRPµZnR,nâ
(2)

ZnR,nâ
)

1

nR!

1

nâ!
∏
R)1

nR ∫DzR P [zR] ×

∏
â)1

nâ ∫Dzâ P [zâ] δ[1 - φ̂R - φ̂â] (3)

φ̂R(z) ) ∑
R)1

nR ∫0Pdt δ(z - zR(t)) (4a)

φ̂â(z) ) ∑
â)1

nâ ∫0Ndt δ(z - zâ(t)) (4b)

δ(φ - φ̂) ) N∫-i∞i∞ dW e∫dzW(z)(φ(z)-φ̂(z)) (5)

Zµ ) N∫DφR Dφâ DWR DWâ Dê ×

e∫dz(WRφR+Wâφâ+ê(1-φR-φâ))∏
â)1

nâ Qâ

nâ!
∑
nR)0

∞

enRPµ∏
R)1

nR QR

nR!
(6)

QR ) ∫DzR P [zR] e
-∫0PdtWR[zR(t)] (7)

Ωµ[W] ) ∑
n)0

∞

enPµQn

n!
(8)

Zµ ) N∫DφR Dφâ DWR DWâ Dê e-âF (9a)

âF ) -∫dz (WR(z) φR(z) + Wâ(z) φâ(z) +

ê(z)(1 - φR(z) - φâ(z))) - nâ log
Qâ

nâ!
- log Ωµ[WR]

(9b)

WR(z) ) ê(z) (10a)

Wâ(z) ) ê(z) (10b)

φR(z) + φâ(z) ) 1 (10c)

φR(z) ) -ePµDQR

DWR
(10d)

φâ ) -
nâ

Qâ

DQâ

DWâ
(10e)

D log Ωµ[W]
DW

) ePµDQ
DW
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Once the partition functions QR and Qâ are known,
eqs 10 can be solved. It is possible26,27 to write the
partition function Q in terms of the end monomer
distribution functions q(zf,zi;N) or q(zf;N) that represent
the probability that a chain ends at zf inN steps having
started at zi, or regardless of where it starts:

The distribution functions satisfy a modified diffusion
equation:

with initial condition q(zf,zi;0) ) δ(zf - zi), or equiva-
lently q(zf;0) ) 1.
One can rewrite eqs 10d and 10e for the monomer

density in terms of the propagators q so defined, as

and

A point along a given polymer chain is characterized
by the diffusion paths from the two chain ends. In the
case of the R bulk chains the two extremities are
equivalent and one propagator is sufficient to describe
the system. Since the bulk chain ends can be found
everywhere inside the box, the initial condition for the
qR propagator is qR(z;t)0) ) 1, ∀z ∈]0, zmax[. This is no
longer true for the â grafted chains. In a brush, the
two extremities are distinct and we need two different
propagators qâ and qâ

+ to characterize the diffusion
paths starting from the grafted and the free chain end.
We will have the initial conditions qâ(z)0;t)0) ) 1 and
qâ

+(z;t)N) ) 1, ∀z ∈]0, zmax[.
The boundary conditions qâ(z<0;t) ) qâ

+(z<0;t) ) 0
and qâ(z>zmax;t) ) qâ

+(z>zmax;t) ) 0 that describe the
confinement of the chains inside the box are used for
the brush propagators. For the mobile chains we have,
in a similar way, qR(z<0;t). For large values of z the P
melt chains attain their bulk properties. At z ) zmax
the mean density of monomers is already uniform,
φR(zgzmax) ) φ0 ) 1 and the propagator is no longer a
position dependent function, qR(z;t) ) q0(t). Due to the
initial condition, q0(t) has the form q0(t) ) e-WRt, which
reduces to q0(t) ) 1 in the case of a potential that is
zero in the bulk. We have the boundary condition
qR(z>zmax;t) ) 1 for the mobile chains.
The equilibrium chemical potential of the free chains

µ and the value of the bulk density φ0 are not indepen-
dent. In order that limzfzmax φR(z) ) φ0, the chemical
potential has to satisfy eµP ) φ0/P.
The mean field ê(z) that is going to impose the melt

incompressibility was chosen to be

with ê a constant with a high enough value to ensure
that, in practice, φR(z) + φâ(z) ) 1 and that the resulting
density profiles and energies were independent of its

particular value. Moreover, this choice enables us to
obtain a contribution to the equilibrium free energy with
a form similar to that usually found in the literature
(see for instance ref 11).
The set of coupled equations for the fields (eqs 10a,

10b, and 14), densities (eqs 13), and propagators (eq 12)
was numerically solved in a self-consistent manner
using a Picard iteration method. A simple, fully explicit
finite-differencing algorithm was used to solve the
modified diffusion equation. We work in units of length
such that a is unity. The z and t variables were
discretized in a rectangular grid with steps ∆t ) ∆Z )
0.5 that were chosen in order to satisfy the stability
criterion of the finite-difference approximation to the
differential equation.23

III. Results
The diagram of state (N, P, σ), according to the scaling

laws of refs 12, 13, and 17, of a polymer brush of
polymerization index N immersed in a melt of the same
polymer with a different polymerization index P is
shown in Figure 1. The full lines are the boundary
between the regions with different scaling laws for the
brush height, h. The dashed line separates the two
regimes of scaling of the width of the brush-melt
interface, λ, and coincides with the frontier between the
regions of positive and negative spreading coefficient of
refs 1 and 2.
When the grafting density is small, the chains hardly

touch each other and behave like isolated coils. In this
mushroom regime the height of the brush is of the order
of R0, the Flory radius of the coil. For an N polymer
chain in a P melt the interactions are screened and the
swelling of the coil behaves like h ) R0 ) N3/5P-1/5.
When P/N g 1/xN, the interactions are completely
screened and the chain becomes ideal with h ) R0 )
N1/2. The chains start to interact and the mushroom
regime ceases to exist when the distance between the
chains d ) σ-1/2 becomes equal to R0. For the values of
P/N (P/N > 1/xN) we are mainly interested, in this
work, in the frontier of the mushroom regime defined
by σxN ) 1/xN.
For values of σxN higher than 1/xN we enter the

wet brush regime. The interacting grafted chains

Q ) ∫ dzf ∫ dzi q(zf,zi;N) ) ∫ dzf q(zf;N) (11)

∂q
∂t

) a2

6
∂
2q
∂z2

- Wq (12)

φR(z) ) ePµ∫0Pdt qR(z;t) qR(z;P-t) (13a)

φâ ) nâ

∫0Ndt qâ(z;t) qâ(z;N-t)

∫dz qâ(z;N)
(13b)

ê(z) ) ê(1 - φR(z) - φâ(z)) (14)

Figure 1. Diagram of state (N, P, σ) according to the scaling
laws of refs 12, 13, and 17 of a polymer brush of polymerization
index N immersed in a melt of the same polymer with a
different polymerization index P. The full lines are the
boundaries between the regions with different scaling laws for
the brush height, h. The dashed line separates the two regimes
of scaling of the brush-melt interfacial thickness and coincides
with the frontier between the regions of positive and negative
spreading coefficient of refs 1 and 2.
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stretch away from the surface. The deformation of the
brush chains has a free energy penalty associated with
it since the stretched molecules have a reduced configu-
rational entropy. In this regime, the free melt polymer
chains penetrate and swell the brush, increasing in this
way their entropy. The grafted chains, however, need
to deform themselves to accommodate the incoming
molecules and the height of the brush results from the
balance between these two effects. The brush height
behaves like h ) Nσ1/3P-1/3. Once again, for high
enough values of P/N the repulsive interactions of the
brush are screened and the brush is no longer swelled,
h ) R0 ) N1/2. By equating the scaling dependencies of
h on both sides, we obtain the expression σxN ) P/N
for the boundary line.
Finally, if we continue to increase the grafting den-

sity, we reach the dry brush regime. This regime is
characterized by the progressive expulsion of the mobile
chains from the grafted layer. The entropic gain as-
sociated with the penetration of the mobile P chains in
the brush is not able to compensate the elastic deforma-
tion of the grafted chains. Due to the incompressibility
of the melt, the height of the brush scales as h ) Nσ.
The transition from the wet brush to the dry brush
regime occurs for σxN ) (P/N)-1/2 if P/N < 1 and
σxN ) 1 if P/N > 1, as can be obtained from the
equality of the scaling laws in the frontier region.
(i) Expulsion of the Free Chains. To give an

initial picture of the behavior of the system, we show
in Figure 2 the results obtained for the densities of
monomers φ(z) of the grafted and mobile chains accord-
ing to eqs 13, for an N ) 100 brush. The values of σ
and P are such that the system is well inside the three
different regions of the diagram of states of Figure 1.
For P ) 50 and σ ) 0.1 we are in the swollen wet brush
regime. One can see in the full curve of Figure 2a that
the grafted chains are stretched and the height of the
brush is almost twice the value of the Flory radius of
the coil, R0 ) 10. The mobile chains (dashed curve of
the same figure) penetrate well inside the brush: at the
wall φR(z)0) ) 0.03. Figure 2b corresponds to the
screened wet brush regime, P ) 150 and σ ) 0.05. The
brush interactions are screened and the height of the
brush is roughly equal to R0 (full line). For this value
of σ the density of monomers of the grafted chains near
the wall is weak and one can find a large amount of
free polymer (dashed curve) in this region, φR(z)0) )
0.16. Finally, Figure 2c shows typical density profiles
of the brush (full line) and of the free chains (dashed
line) in the dry brush regime, P ) 150 and σ ) 0.2. The
mobile chains have been expelled from the brush
φR(z<11) ) 0, but the brush-melt interface has a finite
thickness. The brush height is of the order of the
predicted value, h ) Nσ ) 20. In fact, despite all scaling
laws for h being valid only up to a certain prefactor, it
is easy to check that this factor has to be the same in
all the regions of the state diagram. The numerical
results show that this prefactor is roughly 1 (see for
instance Figure 2b).
We have solved the SCF equations in a systematic

way in order to obtain the locus of points (N, P, σT) that
characterize the wet to dry brush transition. For a
given set of values of N and P, the transition value σT
is defined as being the value at which the free polymer
density at the grafting wall φR(z)0) becomes essentially
zero. In practice we need to consider φR(z)0) smaller
than a certain φmin. In Figure 3 we present the results

obtained for σTxN, for grafted chains with three dif-
ferent polymerization indicesN ) 100 (circles),N ) 200
(squares), and N ) 400 (triangles). For each value of
N, the values of P were varied between P ) 10 and P )
1000 and the SCF equations were solved at different
values of σ until the transition point σT was found. In
the same figure are also shown the scaling predictions

Figure 2. Grafted (full line) and mobile chains (dashed line)
density profiles for an N ) 100 brush in the three different
regions of the diagram of state of Figure 1. (a)-(c) correspond
respectively to P ) 50 and σ ) 0.1 in the swollen wet brush
regime, P ) 150 and σ ) 0.05 in the screened wet brush region,
and P ) 150 and σ ) 0.2 in the dry brush regime. See the text
for discussion.
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for σTxN: σT
scalxN ) (P/N)-1/2 if P/N < 1 and σTxN ) 1

if P/N > 1. The agreement between the scaling values
of σT and the SCF numerical results is rather good.
Indeed, this fact should not be surprising since it was
already seen in the work of ref 13 that the SCF
approximation yields values of h that are in good
agreement with the scaling predictions.
(ii) Autophobicity and Attraction of Dense

Brushes. The degree to which the free and the grafted
chains interpenetrate is described by λ, the width of the
melt-brush interface. In the wet brush regime the
penetration of the mobile chains in the brush is total
and λ is simply equal to the brush height, h. In the dry
brush regime the free chains are expelled and the
penetration is partial. If the mobile chains are short,
whole molecules of the free polymer penetrate into the
brush. The scaling law for λ in this region is12,13 λ )
Nσ-1P-1. For large P/N only a fraction of the segments
of the free chains can penetrate into the brush and the
interfacial thickness behaves like1,2,10,12,13 λ ) N1/3σ-1/3.
The frontier between the two regimes is σxN ) (P/
N)-3/2 (dashed line in Figure 1) that coincides with the
curve predicted in refs 1 and 2 to delimit the regions of
positive and negative interfacial energy between the
grafted and free chains. When σxN > (P/N)-3/2, there
exists a positive surface tension between the grafted
polymer chains of the brush and the mobile chains of
the bulk.1,2 The spreading coefficient S becomes nega-
tive and a droplet of the polymer melt will dewet the
brush. For σ smaller than this value, S > 0 and
complete wetting is expected to occur.1,2

The criteria of the wet to dry brush transition as
defined by the expulsion of the mobile chains from the
grafted layer or by the crossover from a positive to a
negative spreading coefficient are not equivalent. In the
former case the system is wet if σxN < (P/N)-1/2 when
P/N < 1 and σxN < 1 when P/N > 1. In the latter case
complete wetting is expected when σxN < (P/N)-3/2.
We are thus lead to conclude, as in ref 12, that one part
of the so-called dry brush regime of the diagram of state
of Figure 1 corresponds in fact to wetting (S > 0) where
penetration of the free chains in the grafted layer is only
partial.

To confirm this idea, we need to compute the inter-
facial energy between the grafted and free chains and
show that it changes sign according to the scaling
condition of refs 1, 2, and 12. A direct computation of
the interfacial energy of the system is not possible, since
the numerical evaluation of the free energy of a com-
pletely dry brush raises several problems. The easiest
indirect way to evaluate this energy is to compute the
interaction free energy between two brushes immersed
in a melt and see when this interaction becomes
attractive. If we assume that it is the existence of a
positive surface tension between the brush and the bulk
chains that is responsible for the appearance of an
effective attraction between the brushes, as described
in ref 10, the two processes should be equivalent. We
will see that this is indeed the case and that the effective
attraction between the brushes results from the replace-
ment of two unfavorable brush-melt interfaces by a
single brush-brush interface.
In Figure 4 we present the results obtained for the

free energy of interaction F/kBT of two brushes (N )
100) in a melt (P ) 100) as a function of the distance d
between them, for three different values of σ. The free
energy is given by9,13,22

and

Equations 10 and 12-14 are solved to calculate the
densities φR(z) and φâ(z) and the propagator qâ(z,t) in
the case of two brushes in contact with the melt. The
only difference with respect to the problem of a single

Figure 3. Locus of points (N, P, σT) that characterize the
begining of the expulsion of the mobile chains from the grafted
layer. Results are presented for N ) 100 (circles), N ) 200
(squares), andN ) 400 (triangles). The solid line is the scaling
prediction σT

scalxN ) (P/N)-1/2 if P/N < 1 and σT
scalxN ) 1 if

P/N > 1 of refs 12, 13, and 17.

Figure 4. Free energy of interaction F/kBT of two brushes
(N ) 100) in a melt (P ) 100) as a function of the distance d
between them at σ ) 0.11 (dashed curve), σ ) 0.13 (dotted
curve), and σ ) 0.15 (solid curve). At small separation there
is a repulsive part due to the excluded volume effect between
the grafted chains. The attractive part appears roughly at the
contact distance of the tails of the two brushes and corresponds
to the mixing of the chains with chains from the other grafted
layer instead of with the free polymer chains. For σ ) 0.15
and d ) 44 (begining of the attraction) the density profiles of
the brushes (solid line) and of the melt free chains (dashed
line) are shown in the insert of the figure.

F (d) ) ∑
i)1

2 σ log σN

∫dz qâ(z,N)
- ∫dz ê(1 - φR(z) - ∑

i)1

2

φâ(z))

(15a)

F(d)
kBT

) F (d) - F (∞) (15b)

Macromolecules, Vol. 31, No. 12, 1998 Entropic Effects between Grafted Layers and Polymer Melts 3999



brush in contact with a bulk melt concerns the boundary
condition of the differential equation for the free chains
since now at z ) zmax ()d) there is another brush,
equivalent to the first one.
The three curves plotted in Figure 4 correspond to

the three values of the grafting density σ ) 0.11 (dashed
curve), σ ) 0.13 (dotted curve), and σ ) 0.15 (solid
curve). At small brush separation there is a repulsive
part in the interaction free energy due to the excluded
volume effect between the grafted polymers. At these
small distances (d ≈ 30 for σ ) 0.11, d ≈ 32 for σ )
0.13, and d ≈ 36 for σ ) 0.15) the two brushes compress
each other and the density profiles are different from
those of the very large system (d ) ∞) for which the
two brushes do not interact and F/kBT ) 0. In all three
cases, in addition to this repulsive part there is a small
attractive part, which appears roughly at the contact
distance of the tails of the two brushes and corresponds
to the mixing of the grafted chains with chains from the
other grafted layer instead of with the free polymer
chains. The density profiles of the two brushes (solid
line) and of the melt free chains (dashed line) are shown
for this contact distance (d ≈ 44) when σ ) 0.15 in the
insert of the figure. The profiles of the two brushes are
the same as those of the infinitely large system. The
decrease of the distance between the brushes causes a
progressive expulsion of the free chains that is observed
in the density profiles and gives rise to an increasingly
negative energy of interaction. The minimum of this
energy is attained when the two brushes start to
compress each other and a positive repulsive contribu-
tion to the energy appears. For the smallest value of
the density presented, σ ) 0.11, the attractive part is
already so small that it can hardly be seen in the scale
of the figure. For σ ) 0.10 and for smaller values of σ
the attractive interaction disappears.
These results for the interaction free energy are not

new and were for instance observed at equivalent values
of N, P, and σ in the work of ref 9. In our work we
calculate in a systematic way the locus of points N, P,
and σ at which the attractive interaction disappears.
For fixed values of N and P, the grafting density was
varied until the first value of σ, for which the free energy
of interaction becomes negative, was found. The free
energy was computed with accuracy to four decimal
places and in some cases a few thousand iterations of
the set of equations was necessary in order to attain
the desired precision. The results obtained forN ) 100
(circles),N ) 200 (squares), andN ) 300 (triangles) and
P/N < 1 are shown in Figure 5. Also shown in the same
figure is the solid curve corresponding to the scaling law
of refs 1 and 2, σxN ) (P/N)-1.5. The general trend of
our data is well represented by the scaling prediction.
However, a much better agreement can be found with
the law σxN ) (P/N)-2.0, as can be seen in the figure
(dashed line).
To try to understand this slight discrepancy between

the predicted values of the scaling exponents of N and
P and the numerical values obtained, we investigated
the region P . N and σxN ) 1, for which the mean
field theory of refs 1 and 2 should hold. The aproxima-
tions used in these references assume that in this region
the interfacial properties of the system are already
independent of P. In Figure 6 we have plotted the
density profiles of two brushes with N ) 100 and σ )
0.2, at a fixed distance d ) 48 (that belongs to the
attractive region of the interaction energy curve), for

several values of P. For the smaller values of P
presented in the figure, P ) 100 and P ) 250, the
profiles are still changing with P and they start to
stabilize arround P ) 500. For P ) 750 there is already
no difference between the curves. This rather signifi-
cant dependence of the density profiles on P is going to
appear also in the calculated values of the interaction
free energy, which seems to be even more sensitive to
the length of the mobile chains. In Figure 7 we present
the results obtained for the absolute value of the
interaction free energy of two brushes withN ) 100 and
σ ) 0.2, at a distance d ) 48 for values of P that were
varied between P ) 100 and P ) 1250. There is an
asymptotic behavior of the energy in 1/P that cannot
be described by the theory of refs 1 and 2, where terms
of the order 1/P in the energy were neglected. This may
be the origin of the differences encountered in the
scaling exponents. The contributions in 1/P that were
ignored in refs 1 and 2 are no longer negligible when
the interfacial thickness is of the order of xP. For the

Figure 5. Locus of points (N, P, σ) at which the interfacial
energy between the grafted and the free chains becomes
positive. Results are presented for brushes of polymerization
index N ) 100 (circles), N ) 200 (squares), and N ) 300
(triangles) and for free chains with a polymerization index P
< N. The solid line is the scaling prediction of ref 1, σxN )
(P/N)-1.5. The dashed curve is the new scaling law σxN ) (P/
N)-2.0.

Figure 6. Density profiles of two brushes with N ) 100 and
σ ) 0.2 at a fixed distance d ) 48 (corresponding to the
attractive region of the interaction free energy curve) for P )
100, 250, 500, and 750. The profiles start to stabilize around
P ) 500.
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values of λ ≈ 10 obtained with these parameters it
seems reasonable that it is necessary to have a value of
P ≈ 500 in order to reach the asymptotic behavior of
the density profiles in Figure 6. The same argument
can be used to interpret the fact that for P ) 1000 the
asymptotic classical behavior in σ1/3 expected for the
mimimum of the free energy of interaction was still not
attained in the work of ref 9. Indeed, not only the values
of the energy are changing with P, but also the value of
the distance for which this minimum is attained de-
creases with increasing P.
Our results clearly indicate that in the case P/N < 1

wetting autophobicity occurs if σxN > (P/N)-2.0. If
σxN is smaller than this value, the spreading coef-
ficient is positive. A droplet of the polymer melt will
spread on top of the brush, partially invading the
grafted layer, when σxN > (P/N)-1/2. When σxN <
(P/N)-1/2, the free polymer chains penetrate completely
the brush and reach the grafting wall. We can also
conclude that the positive surface tension between the
grafted and the free chains is indeed the mechanism
responsible for the effective attraction between brushy
aggregates and polymer-protected particles in a melt of
long chains. An optimized dispersion (in the sense
discussed in ref 9) of colloidal particles in a melt of P/N
< 1 chains should be obtained if the grafting density is
of the order of σxN = (P/N)-2.0.
(iii) Autophobicity and Attraction of Sparse

Brushes. The existence of a positive surface tension
was predicted in refs 1 and 2 in the case of a melt of
long chains, for a grafting density of the brush such that
the system was well inside the dry brush region of
Figure 1. The transition to a negative surface tension
was then obtained by reducing the length P of the bulk
chains by keeping the grafting density constant. Noth-
ing is said about the related problem of going from a
positive to a negative surface tension by decreasing the
grafting density at a constant value of P, for P/N > 1.
The region of screened wet brush behavior that starts
at σxN e 1 would be partialy contained inside the
region σxN > (P/N)-2.0.
We have analyzed the behavior of the system in this

new region. In Figure 8 we plot the free energy of
interaction of two brushes with polymerization index
N ) 100 immersed in a melt of chains with length P )
200. The dashed curve corresponds to σ ) 0.05, the

dotted one to σ ) 0.1 and the solid curve to σ ) 0.2. The
results are similar to those found when P/N < 1. Once
again, there is an attractive part in the free energy of
interaction at the end of the repulsive part, if σ is larger
than a certain value.
Like in the case P/N < 1, we have calculated the set

of values (N, P, σ) at which the attractive interaction
disappears. The results for N ) 100 (circles), N ) 200
(squares), and N ) 300 (triangles) are plotted in Figure
9 together with the corrected scaling law σxN )
(P/N)-2.0. The melt length P was varied between 200
and 700. Our data show a very good agreement with
the scaling law, indicating that also in the case P/N >
1 the optimum grafting density for the stabilization of
colloidal particles should be described by σxN = (P/
N)-2.0. We have used the same criterion as in the case
P < N to define when the attractive attraction between
the two brushes disappears. The behavior of the
minimum of the energy in this case is, however, less
well-defined than for P < N, in the sense that there
seems to exist a residual negative part in the free energy
that in practice is neglected when we truncate the
values of the energies at the fourth decimal place.

Figure 7. Absolute value of the interaction free energy of two
brushes (N ) 100, σ ) 0.2) at a fixed distance (d ) 48) as a
function of 1/P. See discussion in the text.

Figure 8. Free energy of interaction of two brushes with N
) 100, immersed in a melt of P ) 200 at three different values
of σ: σ ) 0.05 (dashed line), σ ) 0.1 (dotted line), and σ ) 0.2
(solid line).

Figure 9. Crossover from a negative to a positive interfacial
energy between the free and the grafted chains for P > N. The
solid line is the new scaling law σxN ) (P/N)-2.0. The results
were obtained for brushes of polymerization index N ) 100
(circles), N ) 200 (squares), and N ) 300 (triangles). The melt
length P was varied betwen 200 and 700.
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The typical behavior of the sparsely grafted brushes
in this region of the phase diagram is presented in
Figure 10, for the case of two brushes with N ) 100, σ
) 0.05, and P ) 200. These parameters correspond to
a point in the screened wet brush region of the phase
diagram, for which the interfacial energy betwen the
grafted chains and the free chains is still positive. One
can find in the figure, the density profiles of the brushes
(solid line) and of the mobile chains (dashed line) at the
three different zones of the curve of the interaction free
energy. The distances between the brushes d ) 24, d
) 18, and d ) 14 correspond respectively to the onset
of attraction (and of the interdigitation of the brushes),
to the minimum of the negative attraction, and to the
begining of repulsion (and compression by the opposite
wall). When d is decreased, free energy is gained due
to the progressive expulsion of the P chains from the
interfacial region, as is shown in the figure. Contrary
to the dry brush regime discussed in Figure 4, brushes
in this region do interdigitate and penetrate each other
when this distance is reduced. This fact can already
be seen in the density profiles at the distance d ) 14 of
the figure. A large part of the free P chains were
already expelled from the space between the two
brushes that prefer to penetrate into the opposite brush,
in this way filling the space. An almost complete
interpenetration of the two brushes is shown in the plot
of Figure 11, for the case N ) 100, P ) 200, σ ) 0.05,
and d ) 11. The repulsive part of the free energy of
interaction in Figure 10 comes from the deformation of
the brushes when they reach the opposite grafting wall.
This deformation and compression of the two brushes
is clearly shown by the density profiles in the case d )
14.
A priori there is no reason the line σxN ) (P/N)-2.0

should stop at the frontier of the screened wet brush
regime defined by σxN ) 1/xN. This is indeed the
case and we have verified that in several points of the
so-called mushroom regime the interfacial energy is still
positive. These results are summarized in the new
diagram of state of the system that is presented in
Figure 12, where we plot the new frontier line between
the regions of positive and negative interfacial energy.
All the possible inhomogeneities inside the planes

parallel to the grafting wall, which are expected to arise
in this region of very small grafting densities, where

transversal density fluctuations may be very important,
are completely excluded from our one-dimensional
analysis of the problem. A correct treatment of this
problem is beyond the scope of the present work.

IV. Conclusions

We have used the SCF approximation to carry out a
systematic analysis of a polymer liquid in contact with
a surface of densely grafted chains of the same polymer.
We have characterized the locus of points N, P, and

σ at which the expulsion of the free polymer chains from
the grafted layer begins and the interfacial energy
between the grafted and the free chains becomes posi-
tive. We have shown that the two phenomena are not
equivalent and occur at different regions on the diagram
of state of the system. For the former phenomena (chain
expulsion) the known scaling laws are shown to be quite
accurate and we can say that the mobile chains start
to be expelled from the brush roughly when σxN > (P/
N)-1/2 if P/N < 1 and σxN ) 1 when P/N > 1. For the
second phenomena (onset of autophobicity) we have

Figure 10. Interaction free energy as a function of the
distance for sparsely grafted brushes (N ) 100, σ ) 0.05, P )
200). The density profiles of the brushes (solid line) and of the
melt free chains (dashed line) are shown for the three different
regions of this curve. See text for details.

Figure 11. At small separation distances the sparsely grafted
brushes interdigitate and penetrate each other and the melt
free chains are expelled from the interfacial region. The density
profiles of the brushes (solid line) and of the melt (dashed line)
are shown for N ) 100, P ) 200, σ ) 0.05, and d ) 11.

Figure 12. Diagram of state (N, P, σ) of the system. The
dashed curve is the new scaling law σxN ) (P/N)-2.0 for the
crossover from a negative to a positive interfacial energy
between the melt and the grafted layers.
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obtained the new scaling law σxN ) (P/N)-2.0 for the
crossover from a negative to a positive interfacial
energy.

One of the main findings of this paper is that
dewetting of theN polymer brush by the P polymer melt
chains happens when σxN is larger than (P/N)-2.0 also
when P is larger than N. This implies the existence of
attraction between sparsely grafted surfaces. When the
surfaces are well separated, in order that each grafted
layer can have an optimized height of the order of R0,
the mobile melt chains need to fill the remaining space.
When the two brushes come close together, the free melt
chains can be expelled and the optimized height R0 of
each of the grafted layers is obtained by interdigitation
with the opposite layer.

We have shown that the positive interfacial tension
between the grafted and the free polymer chains is
indeed responsible for the appearance of the attractive
minimum in the interaction free energy of two brushes
immersed in a polymer melt. For a given set of values
of N and P if σxN is larger than (P/N)-2.0 the grafted
chains do rather mix with chains from the other grafted
layer than with the free polymer chains. For these
values of the parameters there is an effective attraction
between brushy aggregates and polymer-protected par-
ticles in a melt. Since the optimum grafting density to
enhance dispersion of colloidal particles in polymer
melts must be the maximum possible value of σ that
yields a repulsive interaction energy between the par-
ticles, we can estimate it to be given by σxN =
(P/N)-2.0.
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